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a b s t r a c t
Entanglement and the Rényi entropies for Dirac fermions on 2 dimensional torus in the presence
of chemical potential, current source, and topological Wilson loop are uniﬁed in a single framework
by exhausting all the ingredients of the electromagnetic vertex operators of Zn orbifold conformal
ﬁeld theory. We employ different normalizations for different topological sectors to organize various
topological phase transitions in the context of entanglement entropy. Pictorial representations for the
topological transitions are given for the n = 2 Rényi entropy.
Our analytic computations reveal numerous novelties and provide resolutions for existing issues. We have
settled to provide non-singular entanglement entropies that are also continuous across the topological
sectors. Surprisingly, in inﬁnite space, these entropies become exact and depend only on the Wilson loop.
On a circle, we resolve to ﬁnd the entropies subtly depend on the chemical potential at zero temperature,
which is useful for probing the ground state energy levels of quantum systems.
© 2022 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3 .

Entanglement is at the heart of quantum theories, encompassing quantum mechanics, quantum ﬁeld theories, quantum gravity
and quantum information science [1]. Entanglement entropy [2–6]
and its extension, the Rényi entropy [7], can be used to measure quantum information encoded in a quantum state. They were
used to probe quantum critical phenomena [8], to classify topological states of matter not distinguishable by symmetries [9][10],
and to prove the irreversibility of the renormalization group in
3 dimensional ﬁeld theories [11]. Recently, the Rényi entropy has
been measured in systems of interacting delocalized particles using
many-body quantum interference [12]. Despite diﬃculties in direct
computations of entanglement entropy, there have been steady
progresses in 1+1 dimensional ﬁeld theories [13–16].
Electromagnetic ﬁelds and the corresponding scalar and vector
potentials are main tools for manipulating quantum ﬁelds. Their
time and space components in the 1+1 dimensions are chemical
potential μ and current source J , respectively. In the literature,
entanglement entropy for free fermions has been claimed to be
independent of the chemical potential in ﬁnite space at zero temperature [17][18] and in inﬁnite space for a single interval [19].
The Rényi entropy in inﬁnite space has been shown to have Wilson loop dependence, yet, unfortunately, has singular entanglement
entropy limit [20]. (See [21] for current source that was considered in a different setup.) These unexpected, and yet fragmented,
results deserve systematic investigations with a uniﬁed framework
that encompasses all these players. Exact and analytic ﬁeld the-
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oretic results on the entropies can shed valuable insights on the
nature of quantum entanglement, but they are scarce.
In this article, we provide a uniﬁed description of entanglement
and the Rényi entropies for Dirac fermions on a 2 dimensional
torus in the presence of chemical potential μ, current source J ,
and/or topological Wilson loop w based on our previous results
[22][23]. The Rényi entropy with n-replica fermions perfectly ﬁts
into the language of Zn orbifold conformal ﬁeld theories (CFT)
and their electromagnetic vertex operators [24][25]. The Wilson
loop parameter w is identiﬁed as the CFT’s electric parameter (depicted as the blue dashed arrow circle enclosing both ends of a
cut in Fig. 1) [23], while the replica index k, k = (n − 1)/2, (n −
3)/2, . . . , −(n − 1)/2 for n replica fermions, is identiﬁed as the
CFT’s magnetic parameter (depicted as the red dashed arrow circles around the ends of a cut). In the context of the CFT description, the chemical potential μ and current source J can be
combined with the twist boundary conditions on the a, b cycles
(also depicted as dotted circles in Fig. 1) on a torus parametrized
by τ = τ1 + i τ2 ≡ (α + i β)/2π . It turns out that the Rényi entropy
with μ, J , w along with the replica parameter k exhausts all the
ingredients of the Zn orbifold CFT, and thus has the most general
form for 2 dimensional fermions in the presence of the background
gauge ﬁelds.
We perform analytic computations systematically to uncover
several novel features and to settle existing issues. Here we focus
on two results. First, we resolve to provide non-singular entanglement entropies, that are also continuous across the topological
sectors. They overcome the diﬃculties raised in [20] and also gen-
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As the correlation functions σ w ,k (u )σ− w ,−k ( v ) factorizes naturally based on the spin structure, the Rényi entropy also splits as
[18][22]
w ,μ, J

S nw = S nw ,0 + S n

(3)

.
w ,0

Interestingly, the spin structure independent part S n
depends
only on the Wilson loop, while the spin structure dependent part
w , μ, J
Sn
depends on all the parameters, w, μ and J along with
the fermions’ twist boundary conditions on torus. Previously, the
magnetic parameter was considered in [27], chemical potential in
[17][18], current source in [22], and the Wilson loop in [20]. All
these ingredients are exhausted in formulating our Rényi entropy
formula as described in the Supplementary material A. As demonw ,0
strated below, only S n
contributes in inﬁnite space, which can
be computed exactly and analytically.
The conformal dimension of the vertex operator σ w ,k is given
by

Fig. 1. Torus with n replica fermions parametrized by red circles and Wilson loop
by blue circles in a single Riemann surface description for Rényi entropy. The Wilson loop encircling the cut happens for topologically non-trivial sectors. Accurate
pictorial representations are depicted in Figs. 4, 5 and 6 using n = 2 sheet example.
Chemical potential and current source are parts of the twist boundary conditions of
the a and b cycles.

eralize the results [19] in the presence of multi-cuts. To provide
the possibility of regular entanglement entropy, we use different normalizations for different topological sectors in computing
entropies. Surprisingly, in inﬁnite space, entanglement entropy becomes exact and depends only on the Wilson loop parameter w,
independent of chemical potential μ and current source J . Along
the way, we provide a scheme to systematically characterize various possible topological phase transitions in the context of entanglement entropy with the Wilson loop.
Second, on a ﬁnite circle, we uncover that entanglement entropy
actually depends on the chemical potential μ at zero temperature
in a subtle way, generalizing results of [17][18][19]. This happens when the chemical potential is varied and coincides with the
ground-state energy spectra of the Dirac fermion, which has integer (periodic) or half integer (anti-periodic) values when the space
is compact. Thus entropies can be used to probe the energy spectra of quantum systems.

1

 w ,k = α 2w ,k ,
2

1

(log Z [n] − n log Z [1]) ,

(n−
1)/2


σ w ,k (u )σ− w ,−k ( v ) ,

w
2π

+ lnk .

(4)

As mentioned above, only the spin structure independent enw ,0
survives in inﬁnite space limit. As a function of the
tropy S n
ratio t /2π L, the sub-system size over the total space, it is given
by

log Z 0w [n] =



(n
−1)/2
k=−(n−1)/2



α 2w ,k 

2πη(τ )3

ϑ1 (t /2π L |τ )

2
 ,

(5)

where Jacobi 
theta and Dedekind functions are ϑ1 ( z|τ ) =
∞
2e π i τ /4 sin(π z) m=1 (1 − qm )(1 − e 2π iz qm )(1 − e −2π iz qm ) and
∞
1/24
n
2π i τ
η(τ ) = q
. This result is involved
n=1 (1 − q ), with q = e
with the generalized conformal dimension Eq. (4) [23]. For readers’ convenience, the derivation is presented in the Supplementary
material A.
Novelty for the Rényi entropy in the presence of the Wilson
loop comes from the topological transitions depending on k and
w. As w increases and derives α w ,k beyond the allowed range
|α w ,k | < 1/2, some of the lk ’s are adjusted to be non-zero to keep
the parameter in the range. For n = 2, there are two replica copies,
k = ±1/2. When w > π /2, α w ,1/2 > 1/2 + l1/2 for k = 1/2. Thus
Replica fermion with k = 1/2 develops a phase shift, l1/2 = −1. For
π /2 < w < 3π /2, both lk ’s become non-zero, l1/2 = l−1/2 = −1.
And the transitions go on.
In general, for a given n, topological transitions happen when
w = (2Q + 1)π /n with an integer parameter Q = 0, 1, 2, · · · . The
corresponding topological level has a range (2Q − 1)π /n ≤ w <
(2Q + 1)π /n, in which the phase factors lnk are

(1)

where the partition function Z [n] is the product of the correlation
functions of the vertex operators σ w ,k [23]

Z [n] =

+

2. Entanglement entropy in inﬁnite space

Rényi entropy [7] can be expressed in terms of n replica
fermions with appropriate boundary conditions around both ends
of ﬁnite cuts on a torus [26]. We ﬁnd the Rényi entropy can be
directly constructed by using the electromagnetic twist vertex operators σ w ,k of the Zn orbifold conformal ﬁeld theory [24] with
the following identiﬁcations: The electric and magnetic parameters w and k of the vertex operator are associated with the Wilson
loop parameter w and the k-th replica fermion. The parameter k
was previously identiﬁed in [27].
The Rényi entropy S n with n replica fermions is deﬁned as

1−n

k
n

The parameter α w ,k is bounded as −1/2 ≤ α w ,k ≤ 1/2, which was
advertised in the context of the Rényi entropy in [20]. A new parameter lnk , depending on both k and w, is added to enforce this
range of α w ,k . The ﬁnite range of α w ,k brings interesting topological transitions [23] as several different parameters n, k, w participate. Due to this, the Wilson loop parameter w covers the entire
real line to accommodate all possible topological winding numbers
with 2π as a unit winding. As w increases to derive α w ,k beyond
the bound, lnk ’s develop non-zero integers as the combination of k
and w goes beyond the allowed range. This is the basic mechanism
of topological transitions in the context of the Rényi entropy.

1. Rényi entropy from Zn orbifold CFT

Sn =

α w ,k =

(2)

k=−(n−1)/2

where the magnetic parameter k = (n − 1)/2, (n − 3)/2, · · · , −(n −
3)/2, −(n − 1)/2 is the index representing n replica copies, while
the electric one w is the global phase rotation that can be added
uniformly to the replica fermions. The points u and v are the end
points of the ﬁnite cut with length t = u − v. The normalization
factor Z [1] in (1) plays a central role below. We provide a detailed
derivation of the Rényi entropy in the presence of the Wilson loop
in Supplementary material A.

lnk = −Floor[1/2 + ( Q + k)/n] ,
2

(6)
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Table 1
Speciﬁc values of the phase factors lnk for a given parameter Q that describes the
topological transitions.
Q

l21/2

l2−1/2

3

l1

l30

l3−1

l43/2

l41/2

l4−1/2

l4−3/2

···

0
1
2
3
4

0
-1
-1
-2
-2

0
0
-1
-1
-2

0
-1
-1
-1
-2

0
0
-1
-1
-1

0
0
0
-1
-1

0
-1
-1
-1
-1

0
0
-1
-1
-1

0
0
0
-1
-1

0
0
0
0
-1

.
.
.

.
.
.

.
.
.

.
.
.

.
.
.

.
.
.

.
.
.

.
.
.

.
.
.

.
.
.

···
···
···
···
···
.
.
.

where Floor[ ] rounds down to the nearest integer. Note, for the
ﬁrst n transitions, the phases become non-zero, lk = −1, starting
from the maximum k = (n − 1)/2 to the minimum k = (1 − n)/2,
followed by another n transitions with lk = −2 with the same order, as illustrated in the Table 1.
Non-vanishing lk ’s put challenges both on computing the sum
w ,0
in (5) and on determining the normalization factor Z [1] in S n .
Moreover, a priori, it is not obvious how to choose the normalizations Z [1] for different topological sectors. The QCD θ -vacua is a
canonical example that uses different normalizations for different
topological sectors when computing correlation functions [28].
We realize Z [1] can be used to systematically investigate the
properties of the topological transitions in the context of the entropies.

log Z [1] = lim (log Z [n]) +
n→1

∞

(n − 1)q log αqw .

w ,0

Fig. 2. Rényi entropies given in (9), S n , for n = 3, 2, 1 as a function of w across
the ﬁrst three topological sectors. The ﬁrst order transitions are clearly visible. Here
we only present the positive values of w.

(7)

q =1

The ﬁrst part guarantees the Rényi entropy to have a smooth entanglement entropy limit. With this form, the normalization factor
depends on both Q and w.
The second part of (7) can model the “order” of phase transitions across different topological sectors [29].1 For example, the
entropies can be continuous, signaling a ﬁrst order transition,
by choosing αqw=1 (denoted as α̃ w below) appropriately. We can
achieve the second order transition using αqw=2 , so that the ﬁrst
derivatives become also continuous. Higher order transitions can
be achieved by including more terms in the expansion (7). From
theoretical standpoint, all different topological transitions are probably, and thus there is no preferred way to ﬁx these coeﬃcients for
a given system without experimental inputs.
Previously, log Z [1] was chosen uniformly across different topological sectors in [20], and the Rényi entropy did not provide entanglement entropy as its n → 1 limit is singular. On the other
hand, if one chooses log Z [1] = limn→1 (log Z [n]), the Rényi entropy provides the corresponding entanglement entropy, which is
discontinuous at the topological transition points [31].
Here we choose the ﬁrst order phase transition scheme,

log Z [1] = lim (log Z [n]) + (n − 1) log α̃ w ,
n→1

w ,0

Fig. 3. Entanglement entropy given in (10), S n=1 , as a function of w across the ﬁrst
three topological sectors γ = 1, 2, 3 with corresponding domains −γ π ≤ w < γ π .

II. The Rényi and entanglement entropies are continuous across
different topological sectors.
Note α̃ w (αqw=1 in (7)) is determined by the condition II. α̃ w ensures continuity of entropies at the topological transition points by
adapting different normalizations for different topological sectors
as explained above. Detailed computations can be found in [23].
By adapting this scheme, we compute the Rényi entropy iteratively using (5) and (8) [23]. In inﬁnite space (L → ∞),



w ,0
S n, Q

=2

n+1
12n

+

Qw

π

−

Q2
n

log |t | .

(9)

The result is valid for (2Q − 1)π /n ≤ w < (2Q + 1)π /n, the range
of the topological sector parameterized by Q . Three cases n =
3, 2, 1 are depicted in the Fig. 2. One can clearly see that the topological transitions are more frequent for larger n with more replica
fermions.
Entanglement entropy can be obtained by the smooth n → 1
limit, overcoming the diﬃculties reported in [20].

(8)

along with the conditions:



I. The Rényi entropy has a smooth entanglement entropy limit
for n → 1.

w ,0

S n =1 , Q = 2

Qw

π

−

6Q 2 − 1
6

log |u − v | ,

(10)

which is valid for (2Q − 1)π ≤ w < (2Q + 1)π . Entanglement entropy is continuous and positive deﬁnite. See the Fig. 3. For the
fundamental domain −π ≤ w < π of the Wilson loop (γ = 1),
entanglement entropy is only deﬁned on the domain and independent of w. By including larger range of w, we can see the
non-trivial entanglement proﬁle that depends on w.
The entropies (9)(10) are exact in inﬁnite space because the
rest of the entropy (spin structure dependent part) vanishes as fast

1
One can justify the possible existence of this extra contribution because the partition function and the Rényi entropy are discontinuous at transition points, which
are not directly associated with the parameter n and the limit n → 1. Let us illustrate this with a function f (x, y ). We can expand the function around x = 1 as
f (x, y ) = f (1, y ) + (x − 1) f  (1, y ) + (x − 1)2 f  (1, y )/2 + · · · with  being ∂∂x . If
f (x = 1, y ) is smooth as a function of y, then the limit f (1, y ) would be clear. Yet,
if the function f (x, y ) is discontinuous at y = y 0 , it is not clear which values we
need to choose at that particular point. This property is due to the discontinuity of
the function f (x, y ) in the parameter y, not x.

3
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We can systematically reduce the number of Wilson loop circling around the cuts by choosing the purple contour to only encircle the left end of the cut in the lower Riemann sheet as in Fig. 5.
There is a topologically equivalent conﬁguration, switching the upper and lower Riemann sheets. One can take a linear combination
of these two topologically equivalent conﬁgurations to establish
symmetric conﬁguration for upper and lower Riemann sheets. Note
the contour described in Fig. 5 is topologically inequivalent compared with that in 4 as we cannot continuously deform the contour
of Fig. 4 to the one of Fig. 5, describing the topological transition
in a pictorial way.
Fig. 6 depicts the case when the contours around the upper and
the lower cuts are topologically trivial. This can be achieved by
encircling the Wilson loop only the left ends of cuts. By doing so,
the range of the topological Wilson loop parameter is reduced. This
is possible as the topological transitions also involve with the other
parameter k. For example, w = π /2 along with k = 1/2 achieve to
saturate α w ,k = 1/2, a transition point.
We emphasize that our visualizations are done by adapting the
range 0 ≤ w < 2π . It has advantages in depicting the contours
as we can consistently use the counter-clockwise direction when
circling around the cuts. But the connections to the explicit computations and the transition points located at w = ±π /2 for the
range −π ≤ w < π are obscure. The three different topological
sectors for n = 2 separated by w = ±π /2 are related to these three
ﬁgures. Fig. 6 and Fig. 4 are connected to the topological sectors
−π ≤ w < −π /2 and π /2 ≤ w < π , respectively. And Fig. 5 is related to the sector −π /2 ≤ w < π /2. The middle sector seems to
be twice bigger than the other two. It is clear that for γ = 2 case,
the middle sectors have twice larger ranges than the end sectors.
We mention that these visualizations for topological loop contours
are valid for inﬁnite space and also for a ﬁnite circle.

Fig. 4. n = 2 Riemann sheets with the Wilson loop circling around once for both
cuts. The contour circles around their left ends counter-clockwise.

Fig. 5. n = 2 Riemann sheets with the Wilson loop circling around once for only
the upper cut. In the lower cut, the red and black circles combines to reduce to
be a topologically trivial point. Switching the upper and the lower Riemann sheets
describes the topologically equivalent Rényi entropy.

3. Entanglement entropy on a circle
When replica fermions are on a ﬁnite-size torus, the spin structure dependent parts of the entropies (SSDE) do depend on all the
players including μ, J , and w, along with the two, a and b, cycles
of torus.
Fermion described by a wave function ψ has twist boundary
conditions (BC) on torus with coordinates (s + it )/2π and moduli
τ = τ1 + i τ2 ,

Fig. 6. n = 2 Riemann sheets for topologically trivial sectors after taking of the
reduction with Wilson loop. The range of the Wilson loop parameter is reduced,
which takes care of the range of one topological sector.

as O (t2 / L 2 ) as L → ∞ [22][23]. This is one of our main results,
achieved by adapting proper normalization factor (7) that accommodates the ﬁrst order phase transitions.

ψ(t , s) = e −2π iã ψ(t , s + 2π )

2.1. Example: n = 2 sheeted Riemann surfaces

where ã, b̃ are twist parameters along the cycles. The fermions
with twist BC have an equivalent description as the fermions with
trivial BC under the inﬂuence of background gauge ﬁeld μ and J
[25][22]. The equivalence is

= e −2π ib̃ ψ(t + 2πτ2 , s + 2πτ1 ) ,

Here we visualize different topological sectors for n = 2 and
−π ≤ w < π (γ = 1). This is the case when the blue dashed line
circles around the cut once in Fig. 1. As mentioned above, there are
two transition points located at w = ±π /2 and thus three distinct
topological sectors.
Here we adapt the n = 2 sheeted Riemann surface instead a
single Riemann surface and use a different periodic range 0 ≤ w <
2π for clear understanding of topological transitions (while this
change obscures its connection to entropy formulas). We focus on
the connected path circling around the left end of the cut with a
counter-clockwise direction. Starting from the black dot, one can
construct the contour as in left panel of Fig. 4. The red circles
are the same contours without the Wilson loop contribution. The
right panel depicts the same connected paths replacing the dashed
lines with the same numbers on the two Riemann sheets. The
blue contour is topologically equivalent to circling the entire cut
counter-clockwise once. Fig. 4 is the only topologically inequivalent contour that encircles the cuts of both Riemann surfaces.

A = i μ dt + J ds =

b̃ − ãτ1

τ2

dt + ã ds .

(11)

(12)

Thus, chemical potential μ and current source J can be integrated
to the partition function of the replica fermions by modifying ã →
ã + J and b̃ → b̃ + τ1 J + i τ2 μ.
This observation enables us to construct the general formula for
the Rényi entropy. For simplicity, we focus on the anti-periodic BC
for both spatial and temporal circles (known as the NS-NS sector),
w , μ, J
which is to set ã + J = 1/2, b̃ = 1/2. The SSDE S n
can be obtained by
n −1

μ, J

log Z w

=

2

1
k=− n−
2

4

 ϑ3 (α w ,k Lt + τ1 J + i τ2 μ|τ ) 2
 .
ϑ3 (τ1 J + i τ2 μ|τ )

log 

(13)
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∞

1

1

Here ϑ3 ( z|τ ) = m=1 (1 − qm )(1 + yqm− 2 )(1 + y −1 qm− 2 ), where
q = e 2π i τ and y = e 2π iz . Periodic fermions with ã + J = 0 show
similar properties. This can be derived using the formulas in the
Supplementary material A. Hereafter, we focus on the low temperature limit, β → ∞.
3.1. Chemical potential dependence (μ)
To study μ dependence of the entropies, we set w = 0 along
with τ1 = J = 0. The normalization factor becomes trivial, Z [1] = 1
for this trivial sector. Then the Rényi entropy (13) reduces to
n −1

μ

Sn =

2


1
1−n

 ϑ3 ( nk 2πt L + i2βπμ | 2i βπ ) 2
 .
ϑ3 ( i2βπμ | 2i βπ )

log 

1
k=− n−
2

(14)
w ,μ=0, J =0

Fig. 7. The Renyi entropy S n
for n = 3, 2, 1 (n = 1 given in (19)) as a function of Wilson loop parameter w. The inset is an enlarge part of the fundamental
domain of w that reveals the topological transitions.

In the low temperature limit, we use log(1 + yqm−1/2 ) =
l−1 l l(m−1/2)
yq
/l (for |q| = e −β
1) to expand ϑ3 . Combinl (−1)
ing terms with the same l, followed by sum over k and m, we get
entanglement entropy (n = 1)
∞

 lt 
(−1)l−1 cosh(lβ μ)
lt
.
cot
S1 = 2
1−
l
sinh(lβ/2)
2L
2L

μ

S 1M =

(15)

Detailed computation can be found in Supplementary material B.
The result is valid for e −β μ−β/2 < 1 and e β μ−β/2 < 1, and thus
for −1/2 < μ < 1/2. μ dependent entropies seem to vanish both
at zero temperature β → ∞ and in inﬁnite space L → ∞, which
were argued previously [17][18]. Yet, the argument is not valid for
μ = ±1/2.
We consider two limits β → ∞ and μ → 1/2 together while
maintaining their product β(μ − 1/2) = M held ﬁxed. A modi-

3.2. Wilson loop dependence (w)
To see the Wilson loop w effects clearly in SSDE, we choose

τ1 = μ = J = 0. Then, (13) and (8) (for the ﬁrst order topological
transition) are simple to evaluate following the previous steps. At
zero temperature, entanglement entropy has the form.

1 ∞
ﬁed expansion for ϑ3 is useful. ϑ3 ( z|τ ) = (1 + y −1 q 2 ) m=1 (1 −

S1 =

m+ 12

)(1 + y −1 q
). The front factor yields a ﬁnite con1
tribution in the limits as (1 + y −1 q 2 ) = 1 + e M . While the entropies
exist for general M, we consider M < 1 for simplicity. Then, the

qm )(1 + yq

sinh(lβ/2)

→ e − Ml +

e −lβ/2
sinh(lβ/2)

2

lβ
l sinh( 2 )
l =1

cos(

− 2R l sin( Q R l ) sin(
.

w Rl

π


) 1 − R l cot( R l )

w −πQ

π

w

π

− Q ]Rl )

(19)

R l ) cot([ w − Q π ] R l ) ,

where R l = lt /2L. The result is valid for (2Q − 1)π ≤ w < (2Q +
1)π for the topological sector with index Q .
The Rényi entropies (19) are depicted in Fig. 7 for n = 3, 2, 1 in
the units of 2/ sinh(β/2) for l = 1. They show a linearly growing
tendency (due to 2Q R l sin( R l ) term) with oscillating contributions.
We note the Rényi entropy with larger number of replica copies
start with smaller values and grow faster as w increases, which is
evident in the inset.
In closing, we note that our analyses reveal that both the chemical potential and Wilson loop play signiﬁcant roles, especially
when μ = N /2 and w = (2Q − 1)π /n, respectively, for different
integers N and Q . Careful examinations reveal that these two do
not interfere with each other. Thus, chemical potential can still be
used to probe the ground state energy levels of compact fermions
even in the presence of Wilson loop, which accommodate ﬁrst order phase transitions in this article, and vice versa.

(16)

To get this result, we use | yq1/2 | < 1 and | y −1 q3/2 | < 1, that is
valid for a different range of μ, −1/2 < μ < 3/2. The term e − Ml is
ﬁnite and survives at zero temperature.
This phenomenon is more general. There are non-vanishing and
ﬁnite contributions whenever the product β (μ − (2N + 1)/2) is
held ﬁxed for the limits β → ∞ and μ → (2N + 1)/2 for an integer N. This parameter N is identiﬁed as the energy levels of the
fermions in a compact circle with an anti-periodic BC. This story is
also true for the periodic fermions (ã = 0). Their entropies pick up
ﬁnite values when we take the limits μ → N and β → ∞ simultaneously. Combining the periodic and anti-periodic fermions, we
conclude the entropies have non-trivial chemical potential dependences when


N
= const . ,
β μ−

∞

2(−1)l−1

+ 2Q R l sin( R l ) + 2 sin( Q R l ) sin([

middle factor in (15) turns into

cosh(lβ μ)

(18)

We see that the chemical potential dependence of entropies vanishes in inﬁnite limit, which is mentioned above. Furthermore, the
current source ( J ) dependence of entropies also vanishes in inﬁnite space limit.

l =1

m− 12

  4
(t /2L )2
t
+O
.
3[1 + cosh( M )]
2L

(17)

4. Measurements

for β → ∞ and μ → N /2. This can be used to probe the ground
state energy levels of quantum systems by varying the chemical
potential. We expect this happens generically. It is our second main
result.
We further take the large radius limit, L → ∞. We sum over l
in (15) with the result (16). Then,

In [30], the authors have performed numerical computations
of the entropies with different normalizations for 2 dimensional
fermions. We note that threading unalike Aharonov-Bohm ﬂux α
(same as our w) for different replica sheets as in FIG. 1 of [30] is
distinct from our Wilson loop conﬁgurations. Here, we apply the
same Wilson loop for all replica fermions that is restricted by our
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